We propose a formalism for the analysis of direct-detection dark-matter searches that covers all coherent responses for scalar and vector interactions and incorporates QCD constraints imposed by chiral symmetry, including all one-and two-body WIMP-nucleon interactions up to third order in chiral effective field theory. One of the free parameters in the WIMP-nucleus cross section corresponds to standard spin-independent searches, but in general different combinations of newphysics couplings are probed. We identify the interference with the isovector counterpart of the standard spin-independent response and two-body currents as the dominant corrections to the leading spin-independent structure factor, and discuss the general consequences for the interpretation of direct-detection experiments, including minimal extensions of the standard spin-independent analysis. Fits for all structure factors required for the scattering off xenon targets are provided based on state-of-the-art nuclear shell-model calculations.
I. INTRODUCTION
Direct searches for the nuclear recoil produced by weakly interacting massive particles (WIMPs) on target nuclei in large-scale detectors provide a prime avenue to unravel the nature of dark matter, complementary to indirect searches for annihilation remnants in astrophysical observations and the production of dark-matter particles in collider experiments [1] . However, for the interpretation of current experimental limits, e.g., [2] [3] [4] [5] [6] [7] [8] [9] [10] it is crucial that the nuclear aspects of direct-detection experiments be adequately addressed. This is especially important given the impressive experimental efforts that include future liquid-noble-gas ton-scale experiments already in commissioning such as XENON1T [11] , DEAP-3600 [12] , and ArDM [13] , or in planning phase, LZ [14] , XENONnT [15] , XMASS [16] , DarkSide-20k [17] , and DARWIN [18] ; but also smaller-scale experiments such as SuperCDMS SNOLAB [19] , DAMIC100 [20] , or CRESST [21] that focus on light WIMPs with masses below 10 GeV.
Standard analyses of WIMP-nucleus scattering are formulated in terms of spin-independent (SI) and spindependent (SD) searches [22] , named after the nature of the WIMP-nucleon interactions at low energies. At the same time, SI and SD scattering are characterized by a very different scaling of the corresponding structure factors: while for SI scattering the response is proportional to the total number of nucleons A 2 , the scale of SD scattering is set by the spin expectation value of the unpaired nucleon. Due to the coherent enhancement of SI interactions, the corresponding limits on the WIMPnucleon couplings set by direct-detection experiments are orders of magnitude more stringent than for SD searches, but each type of interaction is sensitive to different operators for the coupling of WIMPs with Standard-Model fields. For instance, while quark-WIMP scalar-scalar and vector-vector terms contribute to the SI response, the SD interaction is generated by axial-vector-axialvector operators. Additional information on the WIMP nature can be extracted from inelastic scattering off the target nuclei [23, 24] .
Corrections to standard SI and SD responses are conveniently studied in terms of effective field theories (EFTs). In this context, the calculation of nuclear structure factors has been organized in two different ways: first, non-relativistic EFT (NREFT) for nucleon and WIMP fields [25] [26] [27] [28] allows a study of the nuclear responses as a function of the effective couplings in the EFT, and to extract limits on the coefficients of the NREFT operators [29] . Second, in order to translate the NREFT limits to the parameter space of a given new-physics model, the QCD dynamics integrated out in the NREFT approach needs to be included. Particularly important are the consequences of the spontaneous breaking of the chiral symmetry of QCD, which can be explored within the framework of chiral EFT (ChEFT), see Refs. [30] [31] [32] [33] for recent reviews. The analysis within ChEFT establishes relations between different NREFT operators, and provides a counting scheme that indicates at which order contributions beyond the single-nucleon level [34] [35] [36] [37] need to be included. Recent work in this direction includes ChEFTbased structure factors for the SD response [36, 38] , aspects of SI scattering [35, 39, 40] , inelastic scattering [23] , as well as a general ChEFT analysis of one-and two-body currents [37] .
In the present work we provide a generalization of SI scattering that includes all coherent contributions up to third order in ChEFT [37] . This involves considering twobody currents, but also momentum corrections to the nucleon form factors predicted at the same ChEFT order. We provide a detailed discussion of the structure factor associated with the scalar two-body current studied before in the literature, and extend the analysis to include the two-body current generated by the coupling of the trace anomaly of the QCD energy-momentum tensor to the pion in flight, which becomes important if the WIMP couples (significantly) via gluonic interactions. In addition, an analysis of the NREFT operators reveals that in general there are six relevant nuclear operators, denoted by M , Σ ′ , Σ ′′ , ∆,Φ ′ , and Φ ′′ [26, 28] , where M corresponds to the standard SI scattering, while a combination of Σ ′ and Σ ′′ yields the operator relevant for the SD case. Given that apart from M also Φ ′′ can be coherently enhanced (which is especially the case in heavy nuclei) and that M and Φ ′′ interfere, a generalization of the traditional SI analysis should also take the effects from Φ ′′ into account [26] .
We note that for general SI scattering, new combinations of Wilson coefficients are probed by the two-body currents coupling to the exchanged pion in flight, and also by the corrections to the nucleon form factors and the contributions associated with the Φ ′′ operator. This is in contrast to the SD case, where the dominant two-body currents can be absorbed into a redefinition of the onebody structure factors, i.e., the two-body correction is sensitive to the same physics beyond the Standard Model (BSM) as the standard SD interaction [36, 38] . In a similar way to the SI analysis presented here, a more general SD analysis should include the effects of all relevant nuclear operators and two-body currents.
This work is organized as follows. We start with an overview of the main results in Sec. II, where we propose an analysis strategy for direct-detection experiments that generalizes the standard SI case. The general formalism is detailed in Sec. III, where we lay out the decomposition of the WIMP-nucleus scattering rate, collect the relevant nucleon matrix elements, and introduce the Wilson coefficients that parameterize the WIMP-quark and WIMP-gluon interactions. We then formulate a set of generalized structure factors that includes effects from two-body currents, corrections to the nucleon form factors, and the nuclear Φ ′′ operator. In Sec. IV we present state-of-the-art nuclear shell-model calculations for the structure factors corresponding to one-body currents in all relevant xenon isotopes, before developing a generalization for the two-body currents in Sec. V. In Sec. VI we discuss the size of the nucleon form-factor corrections as well as the number of independent parameters in generalized SI scattering, and work out in detail the size of the corrections to standard SI scattering for two simple models. We conclude with a short summary in Sec. VII.
While our analysis strategy is general, the numerical results presented here are focused on WIMPs scattering off xenon nuclei, leaving the nuclear structure calculations for other targets to future work.
II. OVERVIEW OF MAIN RESULTS AND ANALYSIS STRATEGIES
Standard analyses of dark-matter direct-detection experiments distinguish between SI and SD scattering based on the nature of the WIMP-nucleon interaction. At the same time, these two cases generate very different nuclear responses, as SI scattering is enhanced by the coherent contribution of all nucleons in the nucleus, whereas the scale of SD scattering is set by a singlenucleon matrix element.
When subleading contributions in EFTs are considered, the classification of the different terms according to the nature of the WIMP-nucleon interaction becomes less useful, given that the coherent enhancement associated with the combined contribution of a significant number of nucleons is also common to NREFT operators that may involve a WIMP or even a nucleon spin operator. Such responses are closer in their experimental signature to the traditional SI interactions in the sense that the associated structure factors are enhanced compared to the single-nucleon case.
Therefore we propose to define generalized SI scattering not by the form of the NREFT operator, but based on whether a coherent enhancement is possible. In this spirit, a general decomposition of the WIMP-nucleus cross section σ 1. the standard SI isoscalar WIMP-nucleon interaction, 2. its isovector counterpart, 3. the interaction of the WIMP with two nucleons via two-body (meson-exchange) currents, 4. momentum-dependent corrections to the nucleon form factors, 5. the quasi-coherent response associated with the Φ ′′ operator (related to the nucleon spin-orbit operator).
The proposed generalization amounts to the decomposition of the WIMP-nucleus cross section have also considered further higher-order NREFT onebody operators, but their contribution is even more suppressed, see Secs. III D and IV. Let us emphasize again that the hierarchy of the structure factors in Fig. 1 assumes a common value for the c coefficients, but these are not in general independent and relative suppressions or enhancements may occur. In Sec. VI C we study the relative size of the isovector and two-body contributions in two simple models, which for instance suggests that the large F θ π structure factor tends to be compensated by a large single-nucleon matrix element, leading to a relative two-body effect similar to that of the F π contribution.
Despite the potential impact of the c coefficients on the measured rate, the hierarchy of the nuclear structure factors observed in Fig. 1 is sufficiently pronounced to motivate a minimal extension of the standard SI scattering of the form dσ SI χN
with only 4 independent parameters. Since the nuclear responses can be obtained from nuclear-structure calculations, direct-detection experiments provide constraints on the c parameters. Although as discussed above, the limits on the direct-detection rate constrain additional combinations of Wilson coefficients and nucleon matrix elements, so far standard SI analyses have only considered the coefficient c M + , which is then related to the WIMP-nucleon cross section by σ
2 /π, with reduced mass µ N . Ideally, to go beyond this approximation a global correlated analysis of direct-detection experiments based on either Eq. (1) or Eq. (2) should be performed in order to determine limits on all parameters at once, which, however, would require the consideration of more than one target nucleus in the analysis.
Barring such a global analysis, one would need to consider slices through the BSM parameter space, e.g., in terms of scans over the Wilson coefficients as in Ref. [39] . Such slices through the parameter space could also be organized in a straightforward extension of present analyses by considering one nuclear response at a time (this is, setting all but one c to zero), for instance based on Eq. (2), with 4 c parameters [which map onto 7 (4) Wilson coefficients for a Dirac (Majorana) WIMP]. This would allow one to set limits on different combinations of Wilson coefficients. In particular, due to the role of the two-body responses this kind of analysis would extend the sensitivity of direct-detection experiments to more new-physics couplings than the standard SI single-nucleon cross section studied so far. Depending on the sensitivity of the experiment to the q 2 -dependence, the number of relevant structure factors may be reduced, and limits could also be obtained for combinations of the coefficients associated with responses with similar q 2 -tail, e.g., F π and F θ π . In that case the one-response-at-a-time analysis could also be performed based on Eq. (1), which originally depends on 8 non-independent c coefficients.
In conclusion, we provide a parameterization of the WIMP-nucleus cross section for general SI scattering, which could be applied to generalize the extraction of limits from SI scattering beyond the standard σ SI χN cross section (corresponding to c M + ), e.g., by similar exclusion plots for the additional coefficients in the minimal 4-parameter extension in Eq. (2), or by more sophisticated scans through the BSM parameter space. For a xenon target, all necessary structure factors are provided in Secs. IV and V.
III. FORMALISM
We consider a WIMP χ scattering off a target nucleus N with momenta assigned as
and momentum transfer
as well as
The rate for the detection of a dark-matter particle χ scattering elastically off a nucleus with mass number A, differential in the three-momentum transfer q, is then given by
where M denotes the (fiducial) mass of the experiment, m A and m χ the masses of target nucleus and WIMP, respectively, σ χN the WIMP-nucleus cross section in the lab frame, f (|v|) the normalized velocity distribution of the WIMP, ρ the WIMP density, v esc = 544 +64 −46 km s −1 [41] the escape velocity of our galaxy, and
with t = −q 2 up to relativistic corrections. The value for the local WIMP density canonically used in the interpretation of direct-detection experiments is ρ = 0.3 GeV/cm 3 , although halo-independent methods have been developed that allow one to eliminate the astrophysical uncertainties in the comparison of different experiments, see, e.g., Refs. [42, 43] . Alternatively, the detection rate Eq. (6) is often formulated differential in the recoil energy
The WIMP-nucleus cross section itself combines physics from particle, hadronic, and nuclear scales. To separate the nuclear contributions, σ χN can be expressed in terms of structure factors [22] 
where J refers to the spin of the target nucleus, G F denotes the Fermi constant, and S S and S A are the structure factors for SI and SD scattering, respectively. These structure factors are normalized according to
with proton and neutron numbers Z and N (A = Z + N ) and proton/neutron spin expectation values S p/n . The constants c i , a i contain the information about particle and hadronic physics, a relation to be made more precise below. Assuming c 1 = 0, the cross section for SI scattering is often represented in the standard form [44] dσ SI χN
with nucleon mass m N and single-nucleon cross section σ SI χN . The nuclear-physics quantity F SI (q 2 ) is the only remnant of the structure factor, and is frequently approximated by [45] 
whose square is known as Helm form factor. In the following, we revisit this formalism starting from an effective Lagrangian for the interaction of the WIMP with Standard-Model fields presented in Sec. III A. In Secs. III B and III C we discuss the relevant nucleon couplings and finally in Sec. III D we derive a generalized decomposition for SI scattering that includes two-body currents and the nuclear Φ ′′ response.
A. Lagrangian and Wilson coefficients
We consider the following dimension-6 and -7 effective Lagrangian for the interaction of a spin-1/2 WIMP with quark and gluon fields
where χ is assumed to be a Standard-Model singlet, the quark masses m q have been included to make the scalar operator renormalization-group invariant, and the Wilson coefficients C i parameterize the BSM physics associated with the scale Λ. The effective Lagrangian is defined at the hadronic scale, with the quark sum extending over q = u, d, s, after the heavy quarks have been integrated out and their effect has been absorbed into a redefinition of the gluon coefficient C S g , see Eq. (16) . In the second formulation of the dimension-7 Lagrangian the gluon term has been replaced in favor of the trace of the QCD energy-momentum tensor θ µ µ . Equation (13) includes the leading operators relevant for coherent WIMP-nucleus scattering, vector and scalar channels, but also retains the axial-vector operator to facilitate the comparison to the SD case. The WIMP could either be a Dirac or Majorana particle, with C V V q = 0 in the latter case. At dimension 8, there are spin-2 operators that can become relevant for the SI scattering of heavy WIMPs [46] , but their inclusion will be left for future work. Similarly, the operator basis changes for different quantum numbers of the WIMP [46, 47] .
Throughout this work we follow the chiral counting formulated in Refs. [35, 37] to organize the calculation. In particular, this implies that momentum corrections to the one-body matrix elements occurring in Eq. (13) enter at the same order as the leading two-body contributions, at third order in ChEFT [37] . The nucleon matrix elements of the operators listed in Eq. (13) involve a combination of Wilson coefficients and nucleon couplings. In the next sections, we spell out these combinations, closely following the notation introduced in Ref. [37] .
B. Scalar couplings
For the scalar channel in Eq. (13) we need the following coupling to the nucleon (N = n or p)
where the nucleon scalar form factors are defined as
Ref. The form factors for the heavy quarks f N Q (t) appear together with the modified gluon Wilson coefficient
after integrating out their effect by means of the trace anomaly of the energy-momentum tensor θ µν [48] , which also produces
It should be noted that this procedure is accurate at O(α s ), which may not be sufficient for the c quark, see Refs. [46, 49, 50] for a study of higher orders in α s . We begin with the discussion of Eq. (14) at vanishing momentum transfer, in which case the form factors simply reduce to the scalar couplings of the nucleon. Based on SU (2) chiral perturbation theory (ChPT), it can be shown that the couplings to u and d quarks only depend on the value of the pion-nucleon σ-term σ πN , while isospin-breaking corrections are fully determined by the same low-energy constant that governs the strong contribution to the proton-neutron mass difference [51] . Combining dispersive techniques [52] with precision data for the pion-nucleon scattering lengths extracted from pionic atoms [53, 54] leads to the phenomenological values [55] for the light-quark couplings quoted in the first line of Table I . More recently, lattice calculations at physical quark masses have produced significantly lower values for σ πN [56] [57] [58] [59] , which translates to the 3σ tension in the scalar couplings shown in Table I . This tension between phenomenology and lattice [60] currently constitutes the largest uncertainty in the u and d couplings.
In contrast to the u and d quarks, a determination of the scalar coupling to the s quark from phenomenology requires the use of SU (3) relations, whose convergence properties make reliable uncertainty estimates difficult. For this reason, in Table II we only quote the values obtained by recent lattice calculations, together with the average from Ref. [61] of previous lattice results. In particular, we assume isospin symmetry f (60) 34(7) 44 (9) 37 (13) 43(11) Ref. [56] [ agrees with the result extracted by means of the trace anomaly at O(α s ). Next, we turn to the finite-momentum-transfer corrections to f N (0) ≡ f N .
1 To the order we are working in ChEFT, it is generally sufficient to keep the radius corrections, i.e., the first order in the expansion around t = 0. However, the strong ππ rescattering in the isospin-0 ππ S-wave makes the leading-loop ChPT prediction for the slope of the scalar form factor of the nucleon at t = 0 [62] 
underestimate the true result by nearly a factor of 2 (g A = 1.2723 (23) and F π = 92.2(2) MeV are taken from Ref. [63] ). For this reason, we make use of the updated dispersive analysis from Refs. [64, 65] and usė
Retaining the leading isospin-breaking effect, this correction amounts to the replacement
where we have used m u /m d = 0.46(3) [66] . In analogy to Eq. (18), there is a parameter-free prediction from leading-loop SU (3) ChPT for the slope of the strangeness radius [35] 
where α = F/(D + F ) parameterizes the leading SU (3) couplings. Numerically, we use F/D = 0.57 as extracted from semileptonic hyperon decays [67, 68] , which together with the SU (2) constraint
However, such SU (3) leading-loop low-energy theorems are known to be sensitive to higher-order corrections [69, 70] . Therefore, we also considered the coupled-channel dispersive analysis [64] , which in principle provides not only a prediction forσ but also forσ s . Unfortunately, convergence of the dispersive integrals is much slower for the slope of the strangeness form factor, although the resulting values are not too far from the chiral prediction. All in all, the spread observed in both methods would be covered by a rangeσ
leading to
In view of the substantial uncertainties already encountered in the strangeness form factor, we do not make an attempt to quantify radius corrections for the heavy quarks. The leading chiral result, however, can be reconstructed by means of Eq. (17) and
Taking everything together, we arrive at the following decomposition of the combination of Wilson coefficients and nucleon form factors relevant for the scalar channel
For the scalar two-body matrix element we also need the couplings to the pion
with
In Eq. (27) we introduced a factor M π in analogy to the scalar coupling to the nucleon, Eq. (14) . The necessity of defining two pion couplings, f π and f θ π in Eq. (27) , traces back to the fact that the couplings of the scalar current mand the trace anomaly of the energy-momentum tensor θ µ µ to the pion differ qualitatively: while the former is constant up to higher-order corrections, the latter becomes momentum dependent and therefore produces a different nuclear structure factor. N from a global analysis of parity-violating asymmetry data [73] . Note that the latter two are strongly correlated, with a correlation coefficient 0.87.
C. Vector and axial-vector couplings
In the vector channel there are two sets of couplings to the nucleon
with i = 1, 2 related to the Dirac and Pauli terms, respectively, in the decomposition of the nucleon form factors of the electromagnetic current. A decomposition analogous to Eq. (26) is given by
Since the matrix element of the Pauli form factor vanishes at zero momentum transfer, the leading term in f V,N 2 (t) is sufficient. Assuming isospin symmetry (for corrections see Ref. [71] ), these couplings expressed in terms of nucleon radii and anomalous magnetic moments become [37] 
and u ↔ d for the neutron couplings. Numerical values for the nucleon radii and anomalous magnetic moments are collected in Table III . For completeness, we also quote the analogous decomposition for the axial-vector channel appearing in Eq. (13) . In this case, one needs the combinations g N A (t) and g N P (t) with
where the upper/lower sign refers to proton/neutron and the small η contribution of the last line above is generally neglected in SD analyses. These relations involve the nucleon spin matrix elements ∆q N = N |qγ µ γ 5 q|N / N |γ µ γ 5 |N , for which we have assumed isospin symmetry and already used the combinations
Due to the axial anomaly, the singlet combination ∆Σ N cannot be analyzed in SU (3) ChPT, as effects related to the η ′ will play a role. However, it can be extracted from the spin structure function of the nucleon, which, at Q 2 = 5 GeV 2 and to order O(α 2 s ), produces ∆Σ N = 0.330(39) [74] . Further, the dominant radius correction occurring in the isovector contribution in Eq. (32) has been included by a dipole ansatz with mass parameter M A around 1 GeV [75, 76] , while the pseudoscalar poles in g N P (t) prevent a Taylor expansion in t.
D. Structure factors
For the definition of the nuclear structure factors we first consider the matching of the one-body operators obtained in ChEFT above onto the NREFT basis of Refs. [26, 28] . This produces the matrix elements
where we have dropped the nucleon and WIMP spinors. The NREFT operators O i are defined by
with spins S = σ/2 and velocity
The combination of the different operators in Eq. (34) demonstrates how QCD constraints impose relations between the NREFT operators: for the axial-vector channel it is a fixed combination of O 4 and O 6 that contributes, while the same coefficient f V,N 2 (t) that multiplies O 3 also appears as a momentum-dependent correction to O 1 .
In Eq. (34) we only retained those channels that generate coherent or quasi-coherent nuclear responses, compared to the full list studied in Ref. [37] . These coherent and quasi-coherent responses are denoted as M and Φ ′′ in Refs. [26, 28] , and are only a subset of the six different nuclear responses generated by the NREFT operators, which also include the Σ ′ , Σ ′′ , ∆, andΦ ′ responses. For example, M governs standard SI scattering, and it is a combination of Σ ′ and Σ ′′ that enters in SD scattering. Beyond the single-nucleon sector, NREFT operators that involve v ⊥ can be decomposed into two parts [26, 28] . First, there are terms proportional to the relative WIMP velocity with respect to the center-of-mass of the nucleus
where
is the sum of the initial and final nucleon momenta. These terms are effectively suppressed by the WIMP velocity with respect to the target |v ⊥ T | ≈ 10 −3 and will thus be neglected in the following. Second, v ⊥ also produces contributions involving the velocity operator of the nucleon, which are part of the ∆, Φ ′ , and Φ ′′ responses and come with a milder suppression factor |q|/m N . This is the case for the O 3 contribution kept in Eq. (34), which generates a Φ ′′ response. In the end, for coherent SI scattering only scalar and vector interactions remain, and the fact that the Φ ′′ response is due only to the vector operator could serve as a tool to discriminate between these two channels.
Apart from the one-body operators and the momentum corrections as summarized in Secs. III B and III C, there are two-body currents at the same order in ChEFT, see Fig. 2 . The corresponding NR amplitudes take the form
where f π and f θ π are defined in Eq. (27), σ i and τ i denote the spin and isospin Pauli matrices of nucleon i, respectively, and q i = p ′ i − p i . Diagrammatically, these amplitudes represent the coupling of the WIMP to the pion in flight via a scalar current and by means of the QCD trace anomaly θ µ µ . The other two-body currents identified in Ref. [37] in general involve isospin opera-
3 as well as spin structures that, after summing over spins, make the diagrams vanish. The only remaining contribution is the exchange diagram from the axial-vector-vector channel, whose isospin structure becomes τ 3 1 − τ 3 2 , only allowing for an isovector coherent enhancement suppressed by (N − Z)/A with respect to the scalar two-body current. In addition, this two-body current is linear in S χ and does not interfere with O 1 [26] . Other contributions such as the vector-vector two-body current also show isovector coherent enhancement only, and are further suppressed in the ChEFT expansion [37] . For these reasons, we restrict our analysis to the contributions given by Eq. (38) . It is the presence of the q 1 ·q 2 term in the relation between quark-mass and traceanomaly couplings that necessitates the definition of two structure factors: for a constant term, the θ µ µ contribution could be absorbed into a redefinition of f π , similarly to f N in the case of the nucleon coupling [see Eqs. (14) and (17)].
In this context, several comments on the role of twobody operators are in order. First, the hierarchy of diagrams shown in Fig. 2 assumes the ChEFT counting originally proposed by Weinberg [77, 78] . In this counting, the coupling of the scalar current to (N † N ) 2 contact operators is suppressed by two orders in the chiral expansion. Due to the limitations of Weinberg counting, this suppression might be less pronounced in practice, as indicated, e.g., by KSW counting [79, 80] or by general arguments related to the short-range behavior of nucleon-nucleon wave functions [81] . The role of such contact operators at heavy pion masses has been studied in Ref. [82] using lattice QCD, and calculations at or close to the physical pion mass would allow for a check of the ChEFT counting employed here.
Second, while diagram (a) corresponds directly to an NREFT operator from Refs. [26, 28] , the mapping of diagrams (b) and (c) would proceed in an indirect way. The radius corrections (b) are represented by q-dependent prefactors of the O i , see Eq. (34). The two-body contributions (c) could be modeled as effective one-body operators, if summed over the second nucleon with respect to a given reference state, symbolically written as N † N N † N , so that the effective one-body operator would become density and state dependent. Such a normal-ordering approximation with respect to a Fermi gas was used in the context of SD scattering [36, 38] . However, in this work we perform a full calculation in harmonic-oscillator basis states, see Sec. V. It is the explicit calculation of all diagrams (a)-(c) within ChEFT, instead of a parameterization in terms of effective onebody operators, that allows one to relate the coefficients of the nuclear structure factors to nucleon form factors and new-physics parameters.
For the construction of suitable nuclear structure factors for generalized SI scattering, we first turn to the SD case. Here the result in Eq. (32) shows that once the η contribution to g N P (t) is neglected, only two independent combinations of Wilson coefficients remain, which can be conveniently identified with the coefficients introduced in Eq. (10)
where ζ = 1(2) for a Dirac (Majorana) spin-1/2 WIMP. The structure factor can therefore be decomposed as
or, in terms of so-called proton-only and neutron-only structure factors,
Since both the momentum corrections in Eq. (32) and the leading two-body currents [38] also depend on a 0 and a 1 only, this implies that the definition of the structure factors Eq. (40) remains applicable even once such corrections are included. In fact, in a normal-ordering approximation the effect from two-body currents amounts to a shift a 1 → a 1 (1 + ∆a 1 ), with ∆a 1 predicted from ChEFT. The connection between experimental limits for the direct-detection rate and the Wilson coefficients therefore still proceeds by means of Eq. (39). Our aim is to find a similar decomposition for SI scattering. More precisely, we wish to formulate a set of structure factors that captures the leading corrections, taking into account both the ChEFT expansion and coherence effects in the nucleus, in particular including both one-and two-body operators.
As a first step towards the construction of generalized SI structure factors, we again identify the couplings at vanishing momentum transfer. In this limit we obtain
Indeed, for
the singlenucleon cross section at threshold becomes
leading to the simplification anticipated in Eq. (11).
Limits for σ SI χN should therefore be interpreted as limits on the combination of Wilson coefficients given by
, under the assumption that proton and neutron couplings are identical.
Based on the previous discussion we propose the following decomposition for the WIMP-nucleus differential cross section
The nuclear M responses in Eq. (44) are normalized to
so that F 
, and F θ π (q 2 ) are the subject of Secs. IV and V, where simple parameterizations are provided.
In Eq. (44) we used the interference pattern for the onebody pieces found in Refs. [26, 28] for L = 0 multipoles, and extended it to include the two-body part. We assume this additional interference because the two-body terms come from a scalar operator with the same symmetry properties under parity and time-reversal as O 1 and O 3 , and because these terms are independent of the WIMP spin S χ (interference terms vanish if they are linear in S χ [26] ). Therefore, Eq. (44) neglects higher multipoles L = 2. These are only non-vanishing for 131 Xe (with a J = 3/2 ground state), but even in this case they are very small and not coherent, as shown in Ref. [40] . An expression similar to Eq. (44), only replacing the nuclear response functions F ± , F π , F θ π associated with L = 0 multipoles by the corresponding nuclear responsesF ± , F π ,F θ π for L = 2 can be added to the differential WIMPnucleus cross section above.
In order to justify Eq. (44) we can consider the more general differential cross section which accommodates the contributions from all the NREFT operators that give rise to coherent or quasi-coherent nuclear responses. This involves the additional operators
which generate a nuclear M response [26, 28] . In this case, the generalized cross section reads
The separation into kinematics ξ Oi , nucleon form factors f 
together with the operator multipole decomposition [26, 28] . Altogether this leads to
with the corresponding form factors
where for the operators in Eq. (47) [26, 28] . This is because contrary to O 1 and O 3 , the operators O 5 , O 8 , and O 11 are linear in the WIMP spin S χ , and the corresponding interference terms vanish after averaging over WIMP spin-projections. In addition, the kinematical factors imply that the contributions of O 5, 8, 11 are suppressed by |v ⊥ T | or 1/m χ . These two properties are crucial for the O 3 operator being the main one-body correction to the standard SI analyses, as anticipated in Eq. (44) . In the next Sec. IV we show this explicitly by studying the onebody structure factors for xenon isotopes.
IV. ONE-BODY CURRENTS
We calculate the structure factors as in our previous work [36, 38, 40] , by performing large-scale shellmodel calculations of all stable xenon isotopes in a valence space comprising the 0g 7/2 , 1d 5/2 , 1d 3/2 , 2s 1/2 , and 0h 11/2 (nlj) orbitals for both neutrons and protons, with n the radial quantum number, l the orbital angular momentum in spectroscopic notation, and j the total angular momentum. Our calculations therefore assume an isospin symmetric 100 Sn core. For 132 Xe, 134 Xe, and 136 Xe exact diagonalizations are obtained in this valence space, while for the remaining isotopes some truncations, which should not significantly affect the nuclear ground states, are needed to keep the matrix dimensions tractable, as discussed in Refs. [36, 40] . We use the shell-model interaction GCN5082 [83, 84] , which has also been used in neutrinoless double-beta decay calculations of 136 Xe [83, 84] . The low-energy excitation spectra of all isotopes are very well reproduced [36, 40] . The nuclear-structure calculations have been performed with the shell-model code ANTOINE [85, 86] .
The phenomenological nature of the shell-model interaction used makes it difficult to estimate the theoretical uncertainties associated with the nuclear-structure calculations. Similarly, the systematic uncertainty due to the truncations needed for some isotopes is challenging to evaluate. It will be possible to address these aspects with calculations based on ChEFT interactions, which provide natural diagnostics to estimate nuclear-structure uncertainties [87] [88] [89] [90] . In the meantime, one measure for the reliability of the calculation can be obtained by comparing the predicted excitation spectra with the experimental results.
With the calculated xenon ground states we obtain all one-body nuclear responses needed in Eq. (44) . The results, summarized in Tables IV and V, [91, 92] .
The isoscalar nuclear M operator has been known to lead to a coherent contribution from all nucleons for a long time (at zero momentum transfer) [22] . This justifies that the nuclear response F M + associated with the O 1 operator is the only one considered in most SI darkmatter direct-detection analyses [2] [3] [4] [5] [6] [7] [8] [9] [10] .
In turn, the nuclear Φ ′′ operator, at zero momentum transfer, is proportional to the sum over all nucleons of the single-nucleon spin-orbit (l · s) operator [26, 28] . This implies that nucleons in an orbital with spin parallel to the angular momentum, j = l + 1/2, contribute coherently. Similarly, the nucleons in the spin-orbit partner j = l − 1/2 also contribute coherently, in such a way that when both spin-orbit partners are filled their contributions exactly cancel. However, in heavy nuclei the spin-orbit splitting is important, with j = l + 1/2 orbitals having significantly lower energies than their spinorbit partners. In the case of xenon isotopes this implies that the proton 0g 9/2 and the neutron 0h 11/2 orbitals are mostly filled (the latter especially for the more neutronrich isotopes), with the spin-orbit partners, proton 0g 7/2 and neutron 0h 9/2 orbitals, mostly empty. Therefore the nuclear Φ ′′ response, F Φ ′′ , shows a quasi-coherent behavior [26, 28] , with the contributions of about 20 nucleons adding coherently in the isoscalar case. The total response is dominated by neutrons because the l = 5, 0h 11/2 orbital accommodates 12 nucleons, compared to 10 nucleons for the l = 4, 0g 9/2 orbital (the expectation value of the single-particle spin-orbit operator is proportional to l for j = l + 1/2 orbitals). The nuclear response functions are larger for the most neutron-rich isotopes with more neutrons in the 0h 11/2 orbital.
The quasi-coherent nuclear response F Φ ′′ is generated by the O 3 operator. In addition, in the total structure factor there is an interference term between this contribution and the F M term from the dominant O 1 operator, as indicated by Eq. (44) [26, 28] . This interference is important because, as discussed in Sec. III D, there is no other interference term coming from one-body operators. Altogether, the nuclear response F Φ ′′ generates the leading one-body-operator corrections to the structure factors usually considered in SI analyses. This is illustrated in Figs. 3 and 4 , which compare for the isoscalar and isovector cases, respectively, the structure factors associated with the coherent and quasicoherent nuclear M and Φ ′′ responses generated by the Fig. 3 but for The next contribution in this hierarchy comes from the nuclear M response originating from the O 11 operator. Due to the associated kinematical factor ξ O11 = |q|/m χ , this contribution also vanishes at |q| = 0, and becomes less important for heavier WIMPs. Figure 3 shows the results for m χ = 2 GeV, roughly the smallest WIMP mass probed by xenon direct-detection experiments. For heavier WIMPs the structure factor associated with the O 11 operator is reduced, and for m χ ≈ 50 GeV this structure factor is comparable to the one corresponding to the O 3 operator, originating solely from the nuclear F Φ ′′ response. The latter structure factor is suppressed by three additional orders of magnitude compared to the leading correction to the standard SI structure factor, the O 1 -O 3 interference term.
FIG. 4: Same as
Finally, the structure factors coming from the nuclear M responses associated with the O 8 and O 5 operators are even smaller, because they are suppressed by the very small WIMP velocity |v ⊥ T | ≈ 10 −3 in their kinematical factors, see Eq. (50) . Note that, as emphasized in Refs. [26, 28] 
These forms correspond to the analytical solution in the harmonic-oscillator basis [91, 92] . For the L = 2 multipoles in 131 Xe, see Table V . 
i . Notation and oscillator length as in Table IV. ated nuclear operator does not depend on the WIMP velocity with respect to the center-of-mass, v ⊥ T , but on the nucleon's velocity operator, which is part of the Φ ′′ operator and generates a milder suppression factor |q|/m N .
The isovector results shown in Fig. 4 are very similar to the isoscalar case. The only difference is that all structure factors are smaller because in this case the contributions of protons and neutrons partially cancel.
Similarly to this generalized SI analysis, the standard SD structure factor will receive additional contributions beyond the O 4 and O 6 operators. In particular, the O 3 , ′ -∆ interference terms [26] . All these additional contributions vanish at |q| = 0, except for the O 7 response which is suppressed by the WIMP velocity |v ⊥ T | ≈ 10 −3 . Note also that only O 5 interferes with the dominant SD response, but this operator only appears at higher (fourth) order in ChEFT [37] . Likewise, theΦ ′ response receives contributions from higher ChEFT orders only. Therefore these corrections to SD scattering are expected to be small. We defer a detailed analysis of generalized SD scattering to future work.
V. TWO-BODY CURRENTS
As discussed in Sec. IV the shell-model calculations are based on a core, while the many-body problem is explicitly solved for nucleons close to the Fermi level in the valence space. This generally leads to very good agreement to experiment for spectroscopy [86] , including the isotopes relevant for dark-matter direct detection [38, 40] .
However, for the standard SI scattering (nuclear M response) all nucleons contribute coherently, so that the bulk of the nuclear response is in fact generated by the inert core. A similar argument can be made for the quasicoherent Φ ′′ response in xenon, where the core protons in the 0g 9/2 orbital are responsible for about half of the total response. The relatively small sensitivity of these nuclear responses to the nuclear structure was discussed in Ref. [40] , and justifies the use of the simple Helm form factor [see Eq. (12)] in the standard SI analysis.
In addition, the nuclear response can be calculated in a non-interacting shell-model picture, where only the lowest-lying orbitals are filled with particles. Figure 5 shows the F M + (q 2 ) response for 129 Xe, using a non-interacting shell model and single-particle orbitals with and without j-coupling (but with occupation numbers from the interacting shell model, see Table VI ). The agreement with the full shell-model calculation is very good, showing that the dependence on correlations among the valence nucleons as well as j-coupling effects are small for this response. Likewise, the effect of using naive or shell-model-based occupation numbers would be hardly visible in the figure.
In view of these findings, we evaluate the two-body n l maximum occupation n 
and analogously for F θ π (q 2 ), where the sum runs over occupied states (e.g., for
129 Xe according to Table VI ) and P 12 = P k P σ P τ is the exchange operator with
and P k exchanges the momenta. Summing over spins σ i and evaluating the matrix element in Eq. (53) in the harmonic-oscillator basis, we obtain
and radial wave functions
(57) The expression for F θ π (q 2 ) is analogous. The sum over m 1 , m 2 has been performed using the addition theorem for the spherical harmonics, assuming an equal filling of all orbitals with different m projections. Apart from the momentum integrals, which can be performed numerically for given {n 1 l 1 n 2 l 2 }, only the isospin part of Eq. (55) needs to be evaluated. This leads to n1l1n2l2 τ1τ2
where the n τ nl denote the relative occupation numbers of a given orbital. In Table VI we list these occupation numbers for the case of 129 Xe used in the calculation of F π and F θ π as well as the nl-basis calculation shown in Fig. 5 . For orbitals in the valence space of the shell-model calculations, the result of the full diagonalization is used, even though the sensitivity to this is minor.
The results for F π and F θ π can be fit with the same functional form as given in Eq. (52) for the one-body case, see Table VII for the corresponding coefficients. Keeping terms up to m = 5 provides the best description also for the two-body terms. This form can be expected based on normal-ordering arguments: after the summation over the second nucleon, the result only depends on p 1 , p ′ 1 , and σ 1 , so that the corresponding operators depend on q, v ⊥ , and S N , and can be written in terms of O 1 , O 3 , as well as other operators subleading in our analysis. Then the summation over spins performed before Eq. (55) eliminates the dependence on O 3 (as well as higher multipoles). Therefore, apart from suppressed contributions, we expect the normal ordering to reduce the two-body matrix element to a one-body matrix element of O 1 , with corresponding fit function as given in Eq. (52) with m = 5.
We note that the equal-filling approximation picks out the L = 0 part of the response, as required for the decomposition of the SI structure factor given in Eq. (44) . The L = 2 multipole contribution, only relevant for 131 Xe, would only appear as a correction to the strongly suppressed one-body L = 2 structure factor, which itself enters below the O 11 curve in Fig. 3 . Therefore it can be safely neglected.
The F π (0) contribution has been considered before in Refs. [34, 35, 39] , based on results for closed-shell nuclei and represented in terms of a fit linear in A. In our conventions, the results for A = 132 are F π (0) = −2.4(0.8) [34] , F π (0) = −1.4 [35] , and F π (0) = −1.9 [39] , in reasonable agreement with our value. The remaining differences can be traced back to our improved nuclear structure calculation and additional corrections from modeling nuclear short-range correlations [93] included in Refs. [34, 35, 39] . The latter are not dictated by ChEFT in this form, and thus not present in our calculation. This strategy is in agreement with findings for nuclear matrix elements of neutrinoless double-beta decay [94, 95] , where the effects of short-range correlations are small after the momentum dependence of the one- 
FIG. 6: Same as Fig. 3 , but including the two-body-current contribution |ξ
π (q 2 )| 2 as well as the interference terms body currents is included.
The consequences for the structure factors are illustrated in Fig. 6 , an extension of Fig. 3 that includes the effect of F π (q 2 ) and F θ π (q 2 ) as well as the interference terms with the isoscalar one-body operators. Figure 6 shows that the two-body contributions constitute the leading correction to the O 1 structure factor. In particular, F θ π (0) surpasses F π (0) by an order of magnitude, to end up at a similar level as the isovector one-body contribution. Equation (38) illustrates the reason for this enhancement: the factor 4 from the momentumindependent term and the fact that the integral over −q 1 · q 2 /M 2 π adds an additional factor about 3 combine to the final factor of 10. It is also important to note that, in contrast to the structure factor associated with O 3 (including its interference with O 1 ) the two-body structure factors do not vanish at |q| = 0.
Even though the main hierarchy suggested by Fig. 6 should be relatively general, we stress that this comparison assumes that the nucleon form factors are all of roughly the same size, and that additional relative suppressions and enhancements may occur, as for instance indicated by the simple models explored in Sec. VI C, where the relative size of both two-body terms is seen to be similar due to the large single-nucleon matrix element that compensates for the larger F θ π (0). Also, when comparing the hierarchy of isoscalar and isovector responses, one should keep in mind that for theories with an approximate isospin symmetry, there could be an additional suppression hidden, e.g., in f p − f n . In either case, the dominant contribution will actually be generated by the interference term |2F corrections to the one-body form factors, which we address in the following section.
VI. PARAMETERS IN GENERAL SPIN-INDEPENDENT SCATTERING
The hierarchy of the one-and two-body contributions discussed in Secs. IV and V, combined with the general expression for the structure factor in Eq. (44) determines the number of independent parameters in our analysis of general SI scattering. First, however, we need to quantify the momentum-dependent corrections to the one-body form factors reviewed in Secs. III B and III C, including the scalar radii, anomalous magnetic moments, as well as strangeness radii and moments. We refer generically to all these contributions as radius corrections. They are evaluated in the following Sec. VI A. In Sec. VI B we then discuss the number of independent parameters appearing in the analysis of general SI scattering, and as examples, in Sec. VI C we focus on two simple cases: the case of scalar interactions with u and d quarks only, and purely gluonic couplings.
A. Radius corrections
The chiral counting that underlies the decomposition in Eq. (44) and Eq. (45) implies that radius corrections are expected to contribute at a similar level as the leading two-body currents. Moreover, since only the coefficients of F M ± (q 2 ) are affected, these corrections concern the response of the O 1 operator, being coherently enhanced. By definition, radius corrections vanish for vanishing momentum transfer, but they could become relevant for larger q 2 values. The exact shape depends on the underlying BSM physics as well as on their relative size compared to the leading nucleon form factor, e.g., as seen in Eq. (31) , in the case of C V V s the leading contribution vanishes and radius corrections generate all sensitivity to this Wilson coefficient.
In order to estimate the generic size of radius corrections in a simple way, we factor out the nucleon mass as a representative hadronic scale, leading to a typical q 2 /m 2 N suppression in the associated structure factor. This is illustrated in Fig. 7 by means of the interference term of radius corrections with O 1 (again assuming that the remaining coefficients are both equal to 1). As expected, the correction is irrelevant at |q| = 0, but it is one of the largest contributions for finite |q|, only second to the O 1 -two-body interference and |F θ π | 2 (and thus also below the interference with the isovector O 1 operator not shown in Fig. 7) . In particular Fig. 7 shows that the radius corrections are expected to be more important than the interference of the standard SI response with the new NREFT operator O 3 . This estimate supports the expectation from ChEFT that radius corrections need to be included on the same footing as higher-order momentumdependent operators.
B. Independent parameters
Within the formalism put forward in Sec. III, the decomposition of the WIMP-nucleus cross section in Eq. (44) therefore involves 8 parameters that can be extracted from the dependence on Z, N , and |q|, i.e., from direct-detection measurement on different nuclear targets. These are followed by the isovector contribution, which affects the rate by
As a second example, it is also instructive to consider the case of purely gluonic interactions, i.e., all Wilson coefficients equal to zero apart from C S g . In this case the relative size of two-body contributions becomes
where the large numerical value of F θ π (0) balances the large coupling of the nucleon to the gluon operator to produce an effect of similar magnitude as in Eq. (65) .
These examples demonstrate that the hierarchy implied by the nuclear structure factors themselves can be upset if enhancements or suppressions in the coefficients, either the nucleon matrix elements or the Wilson coefficients, are present: in a similar way as F θ π appears enhanced compared to the scalar two-body response F π , but is compensated by a large nucleon matrix element, the impact of the isovector one-body response is suppressed by small isospin-breaking effects in the nucleon couplings, see Eq. (63) .
While the size of two-body corrections can be enhanced by fine-tuning the one-body coefficients (the oneresponse-at-a-time strategy put forward in Sec. II corresponds to the case where the cancellation is complete), the special cases in Eqs. (65)- (67) indicate the size of effects to be expected in regions of parameter space where no such cancellations of the leading contributions occur.
We stress that in the general case no interrelations such as Eqs. (65) or (67) between the different form factors exist, except for those dictated by QCD, e.g. f V,N 2 contributing both to F Φ ′′ ± and to the radius correction to F M ± . Even in the very special case of scalar interactions considered in Eq. (63) the dependence on the Wilson coefficients fully factorizes only if f π =f π is assumed, or if the isovector contribution is neglected. In these extreme cases the limits on the scattering rate immediately translate to a limit on the single parameter f π and thereby a fixed combination of C SS u and C SS d . In general, direct-detection experiments are sensitive to several independent combinations of Wilson coefficients, whose determination therefore requires a correlated analysis of different targets. Otherwise, simplified strategies such as constraining one response at a time amount to considering slices through the parameter space of Wilson coefficients at the hadronic scale. This information can then be transferred to a given new-physics model, keeping in mind the operator running and mixing to be applied when translating the limits to BSM scales [46, [101] [102] [103] [104] . In the interpretation of such limits one also needs to take into account that not all coefficients are necessarily independent, e.g., for the spin-1/2 case considered in this paper 8 parameters map onto only 7 (4) Wilson coefficients in the Dirac (Majorana) case.
VII. SUMMARY
We have presented a strategy for the analysis of general SI WIMP scattering off nuclei, keeping all terms that lead to a coherent contribution of nucleons in nuclei and appear up to third order in the power counting of the WIMP-nucleon interaction according to ChEFT. Up to dimension 7 in an effective Lagrangian for WIMP and Standard-Model fields, scalar and vector interactions on the nucleon side can give rise to coherent enhancements. Our analysis shows that the leading corrections to the standard SI response are the isovector counterpart and the coherent contribution of WIMPs interacting with two nucleons (two-body currents). For a more detailed analysis, the next corrections to be included are momentumdependent corrections to the nucleon form factors as well as the quasi-coherent response associated with the nucleon spin-orbit operator. The latter only contributes in the case of vector interactions. Therefore, it could potentially be used as a tool to experimentally discriminate between the scalar and vector channels.
Overall, we have found that a generalized SI scattering cross section including the dominant coherent corrections depends on 8 parameters (4 in a minimal extension), which in principle can be fixed by experiments performed with different nuclear targets, and we have discussed how to constrain these parameters in direct-detection experiments. For the case of WIMPs scattering off xenon isotopes, we have provided parameterizations of all relevant one-and two-body nuclear responses based on state-ofthe-art nuclear shell-model calculations. These can be directly used for a general SI analysis of direct-detection experiments, considering, e.g., one response function at a time. In particular, our results show that direct-detection experiments are sensitive to additional BSM physics than the one coupling constrained in present standard SI analyses, and thus impose additional restrictions on the parameter space of a given new-physics model.
